In this paper, small perturbations of a non-uniform two-dimensional flow of a compressible inviscid fluid are considered. It is shown that for a particular class of main stream Mach number distributions, which are characterized by a sonic line along the x-axis, the linearized shear flow equation may be transformed into the generalized Tricomi equation. The mixed boundary value problem which results from considering perturbations generated by a two-dimensional camber surface is formulated and solved by utilizing the Wiener-Hopf technique.
Abstract.
In this paper, small perturbations of a non-uniform two-dimensional flow of a compressible inviscid fluid are considered. It is shown that for a particular class of main stream Mach number distributions, which are characterized by a sonic line along the x-axis, the linearized shear flow equation may be transformed into the generalized Tricomi equation. The mixed boundary value problem which results from considering perturbations generated by a two-dimensional camber surface is formulated and solved by utilizing the Wiener-Hopf technique.
1. Introduction.
In recent years, Lighthill [1] Chang and Werner [2] and others have treated two-dimensional linearized compressible shear flow problems. In this paper a parallel but non-uniform stream of compressible fluid is perturbed by a thin two-dimensional airfoil which is located along a sonic line. The main stream Mach number distribution, M(y), resembling that approached by a sharp edged sonic jet under the influence of viscosity, is assumed symmetrical about the sonic line at y = 0.
Let p(x, y) be the perturbation pressure, P be the constant freestream pressure, and a(x, y) be the slope of the streamlines in the disturbed flow. Also let M0 = M (0). a and p, if small enough, can be determined from a function 4>(x, y) satisfying the linear eqution [3] + (1.1) dx dy M ay dy <j> is related to p(x, y) and a(x, y) by d<t> dx (7/2)PMl = CV, (
(1 o\ dy 2 Mla'
Here Cv is the local pressure coefficient and 7 the ratio of specific heats. It is generally accepted that (1.1) is a valid linearization of the equations of fluid motion provided that dM/dy is large enough at points where M = 1. This condition is not satisfied for the type of Mach number profile considered in this paper. It appears reasonable, however, that (1.1) is valid if higher derivatives of M are large enough at sonic points. Let the airfoil have unit chord length and be a camber surface so that the slopes of the upper and lower surfaces both equal a0(x). The condition that the flow be tangent to the airfoil can be obtained from ( For subsonic flows, the disturbance must die out at infinity. This condition can be accomplished by imposing that <j> approaches zero at infinity. The problem can be somewhat simplified by specifying boundary data along the whole ar-axis instead of only on the airfoil. It is shown in Appendix I that, as in incompressible potential flow 4> has a jump discontinuity which is equal to the lift coefficient, Ct . This jump can be taken conveniently to be along the positive x-axis behind the airfoil. In addition, because of the symmetry of the Mach number profile and the anti-symmetry of the airfoil, the transformation y -> -y, <f> -■* -<t> leaves Eqs. (1.1) and (1.4) unchanged. This implies that <t> is an odd function of y. This fact and the jump condition require <t>(x, 0+) = 0
Equations (1.4) and (1.5) give mixed boundary data along the entire z-axis. In general, solutions of (1.1) are difficult to obtain with any arbitrarily given M{y). However, as will be shown in Part II, for a particular choice of M{y), Eq. been widely studied as shown in the bibliography to [4] . However, no solution is known for the above mixed boundary conditions. The present treatment will be divided into two parts. In Part I, the mathematical solution to this problem will be derived. In Part II, the application to an airfoil in a sonic shear flow jet and the details of the corresponding Mach number profile will be considered. Here C is a constant and 6(x) is bounded and integrable. If <t>{x, 0) were given along the whole x-axis, the problem would be a Dirichlet problem which could be solved easily by use of classical techniques such as the Fourier integral or two-sided Laplace transforms. By applying Wiener-Hopf techniques [5, 6] to the present problem, the missing Dirichlet data, 0) on the interval (0, 1), can be found. This is carried out in two steps. In Sec. 3 a related auxiliary problem is first solved, namely, the generalized Tricomi equation with d<j>(x, 0)/dY specified on the positive x-axis, and <j>{x, 0) = 0 on the negative x-axis1. This is done with the aid of two-sided Laplace transforms and the Wiener-Hopf technique. In the main problem d$(x, 0)/dY is given on (0, 1) and 4>(x, 0) is specified on (1, »), consequently, the auxiliary problem gives an integral equation for the unknown quantities 4>(x, 0) on (0, 1) and d<p(x, 0)/dY on (l,00). In Sec. 4 this integral equation is solved by using Mellin transforms with the Wiener-Hopf technique. <t>(x, oo) = 0, it will be shown that on the positive x-axis, the solution is <t,{x'0) = r2(l/n + 2) lo (x ~ «)a/"+2,_1 ^ /t" MvXn -*)a/n+,)-1 dv,
where a = -(1/n + 2)+n/"+2r(n + 1/n + 2)/r(l/n + 2).
First, let the boundary conditions (3.2) be restated as 'This problem differs from that of Carrier [7] in that Carrier's boundary data are given on a line perpendicular to the parabolic (sonic) line. (ii) 02(s)_ , an unknown function which is to be determined, must approach zero algebraically as x -» -oo so that 02(s)-will exist for Re(s) = 0 and be analytic for Re(s) < 0. The assumption d2(x) = 0(-x)~", p < 1 as x -> 0 assures that d2(x) is integrable near the origin. This condition implies that 02(s)_ = 0 | s |_1+p as | s | -» oo.
(iii) Fl(s)+ is also an unknown function to be evaluated. The assumption here is that /x(x) = 0 exp (-ex) as x -> oo and is integrable near the origin. These conditions imply that F,(s)+ is analytic for Re(s) > -e and 0 | s |~1+a, q > 0 as | s | -> oo.
The relevant solution of Eq. (3.6) is
where s must be purely imaginary to satisfy the condition $ -» 0 as Y -> oo. Differentiation of (3.7) yields
Evaluating (3.7) and (3.8) at F = 0 and using the boundary conditions from (3.6) we can write
Eliminating 4 from these two equations, we find,
where a is given in Eq. (3.3).
As it stands, Eq. (3.10) is valid only for purely imaginary s. In order to use the Wiener-Hcpf technique, an expression which is analytic in a strip parallel to the imaginary axis is desired. Consider the function (-s2)1/n+2, Re(s) = 0 which is real and positive. How should this function be continued analytically into the complex s-plane? Consider the product (-s)I/n+2(s)1/n+2 for complex s. ( -s)1/n+2 is defined to be real when s is real and negative and a cut is introduced in the s plane along the positive real axis so that this function will be single-valued. sI/n+2 is defined to be real when s is real and positive and a cut is introduced along the negative real axis. It is easily shown that when s is imaginary this product is equal to (-s2)1/n+2. The above product is taken as the continuation of ( -s2)x/n+2. New let a small separation of the branch points be made by writing (-s)1/n+2 (s + e)1/n+2, e > 0. See Fig. 1 . This is the same e introduced in (i). If this function is used in place of (-s2)1/n+2 in (3.10) we get aF1(s)+(s + e)1/n+2 = e'(^l+/"0is)--(3.11)
It is assumed that the solutions of this equation will satisfy (3.10) when e goes to zero. This idea was used in [9] . Now the Weiner-Hopf technique can be used since both sides of Eq. (3.11) are analytic in the strip -e < Re (s) < 0. We want to express 01(s)+/(-s)2/n+2 as the sum of two functions, one analytic in the left half plane, the other analytic in the overlapping right half plane. By Cauchy's Integral Formula [11] ,
where -e < 7i < Re(s) < y2 < 0. The first integral in Eq. (3.12) is analytic for Re(s) < y2 , while the second is analytic for Re(s) > yj . Equation (3.12) can be written as~ Therefore, where 0i(x) = <30 (x, 0)/dz/ is supposed to be known on 0 < x < co. In the problem stated in Sec. 2, d</>(x, 0)/dy = 6(x) is specified only for the interval (0, 1) while 4>{x, 0) is specified for x > 1. Hence Eq. where dn = t'3/2 (2/n + 2)2/n+2 r[(l/» + 2) + 1/2] r(n + 1/n + 2) sin (x/n + 2).
Since this result will not be used in Part II, no further comment will be made. It is seen immediately that this is the problem solved in Part I with the notational change 6(x) = -2d0(x)/bM20 and C = Ct . The solution of this problem involves the constant Ct which has been presumed specified in advance. To determine Ct the KuttaJoukowsky condition should be used. This condition states that the flow must leave the trailing edge smoothly. In a linearized approach, this means that the streamline leaving the trailing edge of the airfoil should have finite slope at the trailing edge. In Appendix II it is shown that the slope is finite provided that
This gives the lift coefficient in terms of the airfoil slope. The pressure coefficient on the airfoil can be calculated by taking the x derivative of Eq. 
e" = r(n + 1/n + 2)r(l/n + 2)
It will be shown in Sec. 8 that Eq. (6.8) can be integrated with a simple result if aQ(x) is a polynomial. 7. Mach number profile. Certain properties of the upstream Mach number distribution, M (y), which are defined by the solution of Eq. (6.5), can easily be seen without completely solving this equation. These will be enumerated below.
(i) If n = 0, M -M0 is constant and less than one. In this case b(n = 0) = b0 can be expressed in terms of Ma as = (1 -M20)1/2/M20 . Noticing how b0 occurs in Eq. (6.8), it is seen that bQ is essentially the Prandtl-Glauert correction factor for incompressible flow.
(ii) For = 0, M -^ 1 as y -> 0 while M -* 0 as y -» °°. This shows that in addition to being sonic at y = 0, the profile becomes increasingly fiat near y = 0 as n increases. This is of some interest since, as is well known, purely sonic uniform flow cannot be linearized. Notice also that 6 -> 0 implies uniform sonic flow, while from Eq. (6.8) the pressure becomes infinite as b -»0, so that the linearization has become invalid.
(iv) The behavior for small n can also be seen from Eq. (7.2). If 0 < n < 1, M has a cusp at y = 0 which becomes sharper as n decreases. Upon taking the limit as n -* 0 the cusp collapses on itself leaving uniform subsonic flow.
Since the solution of Eq. (7.1) for M as a function of y is difficult to obtain explicitly, the inverse of this function y = y(M) will be considered. Denoting M2 by £ and differentiating Eq. 8. Calculations of Cv , C\ and C.P. In this section the calculation of the pressure coefficient, lift coefiicient and center of pressure (C.P.) will be carried out for the case where a0(x) is a polynomial. In this case -2a,,(x)/bM2a can be expressed as a sum of terms like a,jX' and the lift coefficient, Eq. (6.7) will be a sum of terms like C -In r(lA + 2)(l/n + 2)*"+' f1 ( _ , is obtained. In Fig. 4 ,-2 CJCi has been plotted versus x so that the "area" under each of the curves is unity. Notice that for n = 0 the leading edge singularity is like x~1/2. As n becomes larger this singularity becomes stronger, approaching x_1 as n -> m. The center of pressure is obtained by substituting Eq. n + 4
This shows that for n = 0 the center of pressure is at the quarter chord and approaches the leading edge as a n increases. This is presented in Fig. 5 . The lift coefficient and pressure coefficient are easily calculated from Eqs. (8.1) and (8.2) . We obtain C< " + 2'" + iW/" + 2r"" P(2/" + 2W^TTTn + 2) ' <8'8> % = ~r3(l/n + 2) (U + 4)1 ~ x)I/"+2' (8'9)
The center of pressure is at x = .5 for all n as can be seen from the symmetry of the pressure coefficient. Equations (8.8) and (8.9) are presented in Figs. 6 and 7. Note in Fig. 7 that as n -* <*> the pressure coefficient becomes constant along the airfoil. 9. Discussion. It has been shown that for a particular class of Mach number profiles which are characterized by a sonic line, the linearized compressible shear flow equation can be transformed into the generalized Tricomi equation. The boundary value problem, which describes the perturbation of the main stream flow by an arbitrary two-dimensional camber surface, has been formulated and solved. The question of agreement with reality remains.
It is probable that for large values of n the linearization breaks down unless restrictions are made on the parameter 6, which should be large as n becomes large. That is, the effective jet width, 2/6, must be much less than the chord length. This conjecture is supported by the following observation; by the foregoing theory the lift on an airfoil in the limiting case n -> co is the same as that calculated by a simple momentum exchange brought about by the sonic jet turning through an angle equal to the trailing edge angle of the airfoil. Such a situation can only be realized if the jet width is much less than the chord length. Since Ct is independent of R the jump across the a;-axis must be constant.
APPENDIX II.
Kutta-Joukowsky condition.
It is necessary that d<j>(x, 0)/3 Y be bounded as
x -» 1 from the right. That is, d3(x) in Eq. (4.2) should be bounded. This condition will be satisfied only for a certain value of C. 6:t (x) can be found by inverting Eq. (4.13).
Proceeding as with the inversion of Eq. (4.12) yields, after an integration by parts.
-i/n+2(x -1ri/n+2
T(n + 1 /n + 2)r(l/n + 2) 2)r(n + l/» + 2) J, (1 " "> ' 9("> d1-T(2/n + 2)T (n + l/n + 2)
